Inverse and determinant of partitioned symmetric matrix

Theorem 1
(A+CBD) ' = A '— A'C(B 4+ DAT'C)'DA™?
Proof:
(A+CBD)[A™ — A1C(B™' + DATIC)'DA™Y
— (A+CBD)A™ — (A4 CBD)A™'C(B™' + DA™'C)*DA?
= I+ CBDA™ — (C+ CBDA™'C)(B™* + DA7IC) DA™
= I+ CBDA™ — CB(B™'+ DA™'C)(B™' + DA™'C)*DA™?

= I+CBDA™ —CBDA ' =1

Theorem 2 (inverse of a partitioned symmetric matrix)

Divide an 72 % 7@ symmetric matrix A into four blocks

A= A Ap _ An A
Ay Ay A{z A
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The inverse matrix B = A ™1 can also be divided into four blocks:

_4-1_ | Bu Bz | _ | Bu
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Here we assume the dimensionalities of these blocks are:
e Ay and By are p X p,
o Ay and Bas are q X g,

o An:AglandBu:Bglarequ



with p + g = 71. Then we have

By, = (All - AlEA:TzlAfjj_l = Al_ll + -‘4-1_11-‘4-13(-‘4-23 - A{gﬂl_llf{ln)_lﬂ%;ﬂl_ll
Byy = (A — AL AT A = AT 4+ A AT (A — A A AT) LA ASS
BY, = — Az AT, (A — A Az AT) ™
Bf; = _Al_llAlz(Azz - A{jAl_llAli)_l

Proof:
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.("'111_811 + AIEB]:Z = IP or Bll = .("'11_11 — Al_llx‘r‘{!.ljBE

ApBio+ ApBy, =0 or By = —Al_llfllszz
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A{E‘Ell + AEEB]:Z =0 or B%—j = —A;;Alrjﬁll

A{jﬁlj + Angjj =1 or Bjj = .(4.531 — -‘4-;31-‘4-{3513
Plug BY, into By to get

By = A + AR AR AL AL By



or

(I — A AL AT AT) By = A or (Ay — ApASTAL)BL =1,

or

Bll — (All — AIEA:TEIAE)_I

Applying theorem 1 to this expression, we also get the other expression in the theorem. Similarly we can get

Bzz = (Azz — Angfll_llAlzj_l

and

T -1 47T -1 4T 4v—-1
Blj — _Azj Alj(AII - AliAjz Alj)

-1 T 4-1 4-1
Bix = _"4'11 AIE(AEE - A13A11 Alz
Theorem 3 (Determinant of a partitioned symmetric matrix)

A A _ _
4] = H n An ” Aol Avi— Ay ATE AT, = | A || As— AT AT AL

Azl Azz
Proof: Note that
A= All Ali _ [ All D 11 I A1_11A13
N Ail Azz B i AF{} I 1L 0 AEE - AF{zAl_llAlz |

I A, _All_AliALTElA{j 0
0 Ay A:leflzl I

The theorem is proved as we also know that

|AB| = [A] | B|



and

|1B| | D]
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