Marginal and conditional distributions of multivariate normal distribution

Assume an n-dimensional random vector

where X3 and X; are two subvectors of respective dimensions 7 and g with p 4+ g = 7. Note that 2 = YT and

Sn =3f

1 — —27.

Theorem 4:

Part a The marginal distributions of X1 and X are also normal with mean vector £; and covariance matrix 2;; (2 = 1,2),
respectively.

Part b The conditional distribution of X; given X; is also normal with mean vector
_ .. 971
pa; = ps+ T E5 (%5 — py)

and covariance matrix

Proof: The joint density of X is:
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f(x) = fx1,%x2) = mt’-l’?[—a(x—ﬂ)rz_ (x—p)] = WEI}?[— 5@ (%1, %2)]
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where &) is defined as

Qx1,%2) = (x — p) "= Hx — p)

T11 yl2 _
= [(a - ﬂl)ra (x - #53)1-] [ T21 §22 ] [ b ]

Xz — Hz

= (31— ) "M (%1 — p) + 2031 — p1) TS (k2 — pa) + (%2 — pr2) TP (x2 — p2)



Here we have assumed

11 v w—1eTy—=1 _ -1 -1 T w——1 1T -1
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Q(XI:XE) = (Xl - f-fl)r[zl_ll + E1_11313(Ejj - A{EE_llzlij_lzlrazl_ll] (Xl - r“l)
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The last equal sign is due to the following equations for any vectors u and v and a symmetric matrix A = AT
wlAu — 20T Av 4074 = vl Au — T A — T A 40T A

= uTA(u— v) — (u— L‘]ITAL' = uTA(u —v)— L‘TA(U, — )



= (u— L‘)TA(U, —v)=(v— u)TA(L' —u)

We define
b= o+ SLIT (1 — )
A= T, -2Txiy,

and

@1(x1) = (%1 — f-fl)rzl_ll (%1 — p)

Qa2(x1,%2) = [(%2 — po) = ZHI (%1 — p)]T (S0 — ELTT Do) 7H (%0 — p2) — ZHTN (%0 — g

= (Xg — b)TA_ll:XE — b:]

and get

Q(x1, %) = Qu(x1) + Qa(x1,%2)

Now the joint distribution can be written as:
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The third equal sign is due to theorem 3:

The marginal distribution of X, is
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and the conditional distribution of %, given X7 is
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